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Abstract 

In 1981, covariantly constant spinors were introduced into Kaluza-Klein theory 
as a way of counting the number of supersymmetries surviving compactification. 
These are related to the holonomy group of the compactifying manifold. The first 
non-trivial example was provided in 1982 by D = 11 supergravity on the squashed 
S'^, whose G2 holonomy yields = 1 in D = 4. In 1983 another example was 
provided by = 11 supergravity on K3, whose SU{2) holonomy yields half the 
maximum supersymmetry. In 2002, G2 and K3 manifolds continue to feature 
prominently in the full D = 11 M-theory and its dualities. In particular, singular 
G2 compactifications can yield chiral {N = 1,D = 4) models with realistic gauge 
groups. The notion of generalized holonomy is also discussed. 
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1 Introduction 



For the Supergravity@25 conference, the organizers requested that the speakers 
provide a blend of something historical and something topical. So I have chosen to 
speak about holonomy, especially G2 holonomy. 

In 1981, Witten laid down the criterion for spacetime supersymmetry in Kaluza- 
Klein theory Pj. The number of spacetime supersymmetries is given by the number 
of covariantly constant spinors on the compactifying manifold. Covariantly con- 
stant spinors are, in their turn, related to the holonomy ^ group of the corresponding 
connection. It was well known that the number of massless gauge bosons was de- 
termined by the isometry group of the compactifying manifold, but it turned out 
to be the holonomy group that determined the number of massless gravitinos. This 
was further emphasized in [2]. 

The first non-trivial example was provided in 1982 _2 by compactifying D = 11 
supergravity on the squashed 5^ 0, an Einstein space whose whose G2 holonomy 
yields N = 1 in D = A. (The round S"^ has trivial holonomy and hence yields the 
maximum = 8 supersymmetry [0].) Although the phenomenologically desirable 
N = 1 supersymmetry ^ and non-abelian gauge groups appear in four dimensions, 
the resulting theory was not realistic, being vectorlike with S0{5) x SO (3) and 
living on AdS4. It nevertheless provided valuable insight into the workings of 
modern Kaluza-Klein theories. Twenty years later, G2 manifolds continue to play 
an important role in = 11 M-theory for the same = 1 reason. But the full 
M-theory, as opposed to its low energy limit ol D = 11 supergravity, admits the 
possibility of singular G2 compactifications which can yield chiral (N = 1, D = A) 
models living in Minkowski space and with realistic gauge groups. 

In 1983 another example was provided by D = 11 supergravity on K3 7, whose 
SU{2) holonomy yields half the maximum supersymmetry. For the first time, the 
Kaluza-Klein particle spectrum was dictated by the topology (Betti numbers and 
index theorems) rather than the geometry of the compactifying manifold, which was 
four-dimensional, Ricci flat and without isometrics. It was thus a forerunner of the 
six-dimensional Ricci flat Calabi-Yau compactifications |H], whose SU{3) holonomy 
yields {N = 1, D = 4) starting from (N = 1,D = 10). K3 compactifications also 
continue to feature prominently in M-theory and its dualities. 

2 D=ll supergravity 

The low energy limit of M-theory (or D = 11 supergravity as we used to call 
it) was introduced in 1978 by Cremmer, Julia and Scherk [Sj, not long after the 
discovery of supergravity itself ^l^J. The unique D = 11, N = 1 supermultiplet is 
comprised of a graviton qmn, a gravitino ^'a/ and 3-form gauge field Amnp, where 
M = 0, 1, ... 10, with 44, 128 and 84 physical degrees of freedom, respectively. 

^Holonomy had already found its way into the physics literature via gravitational instantons T and 
non-linear sigma models |4j. 
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Already the rank of the form, dictated by supersymmetry to be three, presages 
deep connections with 2-branes and indeed G2 holonomy. 

The supersymmetry tranformation rule of the gravitino reduces in a purely 
bosonic background to 

d'^M = bue (1) 
where the parameter e is a 32-component anticommuting spinor, and where 

A/) Fnpqb (2) 

Here Dm is the usual Riemannian covariant derivative involving the usual Levi- 
Civita connection um 

Dm = Bm - ^com^^Tab, (3) 

are the D = 11 Dirac matrices and F = dA. 
The bosonic field equations are 

Rmn - IqmnR = I (fmpqrFn^^^ - ^gMNF^^^^FpQRs^ (4) 

and 

d*F + FAF = (5) 

Being at Stonybrook, I should not forget the paper that I wrote with Peter van 
Nieuwenhuizen |12j pointing out that the 4-form field strength can thus give rise 
to a cosmological constant A = —12w? in the four dimensional subspace: 

F^upcr — ^^^fiupcT (6) 

where fi = 0, 1,2,3 and m is a constant with the dimensions of mass. A similar 
conclusion was reached independently by Aurilia et al jl3j . This device was then 
used by Freund and Rubin ^3] to effect a spontaneous compactification from D = 
11 to D = 4, yielding the product of a four-dimensional spacetime with negative 
curvature 

Rfiu = -I2m^g^u (7) 
and a seven-dimensional internal space of positive curvature 

Rmn = Qm^gmn (8) 

where m = 1,2, ... 7. Accordingly, the supercovariant derivative also splits as 

D^ = + m7^75 (9) 
and ^ 

Dm = Dm - -mVm (10) 

If we choose the spacetime to be maximally symmetric but leave the internal space 
arbitrary, we are led to the D = 11 geometry AdS^ x X"^ . The first example 



3 



was provided by the choice X''' = round S'^ jSl E] which is maximally supersym- 
metric*^. The next example was the round S'^ with parallelizing torsion ^\ which 
preserves no super symmetry. However, it was also of interest to look for something 
in between, and this is where holonomy comes to the fore. 

3 Killing spinors, holonomy and supersym- 
metry 

The number of supersymmetries surviving compactification depends on the number 
of covariantly constant spinors To see this, we look for vacuum solutions of 
the field equations for which the the gravitino field ^ vanishes. In order that the 
vacuum be supersymmetric, therefore, it is necessary that the gravitino remain zero 
when we perform a supersymmety transformation and hence that the background 
supports spinors e satisfying 

DAie = (11) 
In the case of a product manifold, this reduces to 

D^eix) = (12) 

and 

Dmr]{y) = (13) 

where e(x) is a 4-component anticommuting spinor and 7]{y) is an 8-component 
commuting spinor. The first equation is satisfied automatically with our choice of 
AdS4^ spacetime and hence the number of = 4 supersymmetries, < < 8, 
devolves upon the number of Killing spinors on X"^ . They satisfy the integrability 
condition 

[D^,Dr,]r] = -^Cmn''''rabV = (14) 

where Cmn"'^ is the Weyl tensor. 

The subgroup of Spin{7) (the double cover of the tangent space group SO{7)) 
generated by this linear combination of Spin{7) generators Tab corresponds to the 
holonomy group Ti 2_. The number of supersymmetries, A^, is then given by the 
number of singlets appearing in the decomposition of the 8 of Spin{7) under Ti. 
|18j . Some examples are given in Tabled 

Strictly speaking, the Weyl tensor characterizes the restricted holonomy group 
of Dm- If the space is not simply connected there may be further global obstructions 
to the existence of unbroken supersymmetries. For example, solutions of the form 
r^/r and S^/r, where F is a discrete group, have vanishing Weyl tensor but admit 
fewer than 8 Killing spinors 7 . 

The phenomenological desirability of having just one Killing spinor, and hence 
just one four-dimensional super symmetry, is also discussed in [T]. 

''The first Ricci flat (m = 0) example of a compactification of Z? = 11 supergravity was provided by 
the choice = |16 | which is also maximally supersymmetric. 
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n 8 ^ N 

Spin{7) 8 

G2 1 + 7 1 

SU{3) 1 + 1 + 3 + 3 2 

Sul2) 1 + 1 + 1 + 1 + 2 + 2 4 



1 1+1+1+1+1+1+1+1 8 
Table 1: Examples of holonomy groups and the resulting supersymmetry 

4 G2 

We see that the exceptional group G2 is of particular interest since it yields just 
N = 1 supersymmetry. In fact, the first example of a Kaluza-Klein compactification 
with non-trivial holonomy was provided by the squashed S'^ which does indeed have 

n = G2 nisi. 

This is probably a good time to say a word about terminology. When talking 
of the holonomy of a manifold, some authors take the word to refer exclusively 
to the Levi-Civita connection appearing in the Riemannian covariant derivative 
Dm- According to this definition, the holonomy of the squashed would be 
Spin(7). The group G2 would then correspond to what mathematicians call weak 
holonomy |19| 120] . A 7-dimensional Einstein manifold with Rmn = ^fn^Qmn has 
weak holonomy G2 if it admits a 3-form A obeying 

dA = 4:m* A (15) 

That such a 3-form exists on the squashed 5^ can be proved by invoking the single 
(constant) Killing spinor rj. The required 3-form is then given by |S1 

-^mnp ~ 'n^mnpf] (16) 

However, I prefer not to adopt this terminology for two reasons. First, from 
a strictly mathematical point of view, one should speak not of the holonomy of a 
manifold but rather of the connection on the manifold. Diff'erent connections on 
the same manifold can have different holonomies. Secondly, from a physical point 
of view, the whole reason for being interested in holonomy in the first place is 
because of supersymmetry, and here the relevant connection is not the Levi-Cvita 
connection w appearing in Dm but rather the generalized connection appearing in 

Dm = dm- \uJm''^Tah " ^mem^T a (17) 

So in the context of M-theory, when I speak loosely of the holonomy of a manifold, 
it is the supersymmetric connection that I have in mind ^. 

■^80106 early papers used the term Weyl holonomy which should probably now be abandoned. 
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Owing to this generalized connection, vacua with m ^ present subtleties 
and novelties not present in the m = case |25j . for example the phenomenon 
of skew-whiffing For each Freund- Rubin compactification, one may obtain 

another by reversing the orientation of X"^ . The two may be distinguished by 
the labels left and right. An equivalent way to obtain such vacua is to keep the 
orientation fixed but to make the replacement m —m. So the covariant derivative 
(|17|1 . and hence the condition for a Killing spinor, changes but the integrability 
condition H14|) remains the same. With the exception of the round S*^, where both 
orientations give = 8, at most one orientation can have A > 0. This is the skew- 
whiffing theorem. A corollary is that other symmetric spaces, which necessarily 
admit an orientation-reversing isometry, can have no supersymmeties. Examples 
are provided by products of round spheres. Of course, skew-whiffing is not the only 
way to obtain vacua with less than maximal supersymmetry. A summary of known 
X'^ , their supersymmetries and stability properties is given in jl5j . Note, however, 
that skew-whiffed vacua are automatically stable at the classical level since skew- 
whiffing affects only the spin 3/2, 1/2 and 0^ towers in the Kaluza-Klein spectrum, 
whereas the criterion for classical stability involves only the 0"*" tower |621 115j . 

Once again the squashed provided the first non-trivial example: the left 
squashed S"^ has A = 1 but the right squashed has A = 0. Interestingly 
enough, this means that setting the suitably normalized 3- form (|lf)|) equal to the 
-D = 11 supergravity 3-form provides a solution to the field equations, but only in 
the right squashed case. This solution is called the right squashed S'^ with torsion 
[3] since A^np may be interpreted as a Ricci-flattening torsion. Other examples 
were provided by the left squashed A(l, 1) spaces j24,, one of which has A^ = 3 and 
the other A = 1, while the right squashed counterparts both have A = 0. 

All this presents a dilemma. If the Killing spinor condition changes but the 
integrability condition does not, how does one give a holonomic interpretation to 
the different supersymmetries? Indeed A = 3 is not allowed by the usual rules. 
The answer to this question may be found in a paper [22 written before we knew 
about skew- whiffing. The authors note that in (|17() . the SO (7) generators Tab, 
augmented by presence of Ta, together close on SO (8). Hence one may introduce a 
generalized holonomy group Hgen C SO {8) and ask how the 8 of SO (8) decomposes 
under Tigen- In the case of the left squashed 5'', Hgen = 5*0(7)", 8 — > 1 -|- 7 and 
A^ = 1, but for the right squashed 5^, Tigen = 5'0(7)+, 8 ^ 8 and A = 0. 

Kaluza-Klein compactification of supergravity was an active area of research in 
the early 1980s. Some early papers are [H H El 13 HH HH HHISI UHl EZI and I 
am glad to see many of the pioneers in the audience today: Leonardo Castellani, 
Bernard de Wit, Pietro Fre, Dan Freedman, Gary Gibbons, Bernard Julia, Ergin 
Sezgin, John Schwarz, Peter van Nieuwenhuizen, Nick Warner and Peter West. 
Reviews of Kaluza-Klein supergravity may be found in jl5| I28|. 
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5 Supermembranes with fewer supersymme- 
tries 



Interest in AdS4 x X solutions of = 11 supergravity waned for a while but was 
revived by the arrival of the D = 11 supermembrane [29j. In 1991 this 2-brane was 
recovered as a solution of the D = 11 supergravity theory preserving one half of 
the supersymmetry |3Ul I31j . Specifically, in the case that N branes with the same 
charge are stacked together, the metric is given by 

ds'^ = (1 + Na^y^y^/^dx^dx^ + (1 + Na^ /y'^f'^ [dy'^ + y'^dQj'^) (18) 

and the four-form field strengths by 

F7 = *F4 = ±6A^a^e7 (19) 

Here d07^ corresponds to the round S"^ . 

Of particular interest is the near horizon limit y — > 0, or equivalently the large 
limit, because then the metric reduces to jSl El El the AdS^ x 5"^ vacuum 

with 

= Na^ (20) 

Thus 

ds'^ = y'^m'^dx^'dXf, + m~'^y~'^dy'^ + rxT'^d^l^ (21) 

which is just AdSn, x S'^ with the AdS metric written in horospherical coordinates. 

Note that the round S'' makes its appearance. The question naturally arises 
as to whether the compactifications with fewer supersymmetries discussed above 
also arise as near-horizon geometries of p-brane solitons. The answer is yes and the 
soliton solutions are easy to construct jSHl EHj • One simply makes the replacement 

dVt-i^ dVL-i^ (22) 

in H18() . where dQy^ is the metric on an arbitrary Einstein space X"^ with the same 
scalar curvature as the round S''. The space need only be Einstein; it need not be 
homogeneous |35| . (There also exist brane solutions on Ricci flat |35jl. Note, 
however, that these non-round-spherical solutions do not tend to Minkowski space 
as r ^ 00. Instead the metric on the 8-dimensional space transverse to the brane 
is asymptotic to a generalized cone 

ds^ = dy^ + y^dhj'^ (23) 

and 8-dimensional translational invariance is absent except when X"^ is the round 
S'^ . Note, however that the solutions have no conical singularity at y = since 
the metric tends to x X'^ . By introducing the Schwarzschild-like coordinate 

r given by 

= y6 + Na^ (24) 
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Table 2: Holonomies of Riemannian connections 



we can see that the solutions exhibits an event-horizon at r = N'^^^a. Indeed the 
solution may be analytically continued down to r = where there is a curvature 
singularity, albeit hidden by the event horizon |33j . 

As a matter of fact, there is a one-to-one correspondence between Killing spinors 
on Einstein manifolds X'' satisfying DmV = 0, m = 1, 2 . . . 7, and Killing spinors 
on the Ricci-flat cone ^ satisfying DmV = 0, M = 1, 2 . . . 8, |SZ1 EOI- So iV = 1 
can then be understood as G2 holonomy on or Spin{7) holonomy on the cone. 
Similarly, the weak holonomy 3-form (|15|) lifts to a covariantly constant self-dual 
4-form on the cone. 

6 A speculation on Spin(9) 

In Berger's classification 384 of holonomy groups of Levi-Civita connections given in 
TableOl there are three exceptional cases G2, Spin{7) and Spin(9). G2 and Spin{7) 
have already made their appearance in our story, but Spin(9) seems an unlikely 
candidate since it corresponds to the holonomy of a sixieen-dimensional space (the 
Cayley plane), and that seems too high for D = 11 supergravity. Nevertheless, as 
we shall now describe, there is a way in which subgroups of 50(16) can appear as 
holonomies in the theory. (The Cayley Plane, which is the 16-dimensional coset 
Fi/ Spin(9), has also featured in recent, but apparently unrelated, speculations 
on hidden mathematical structures in D = 11 j39j . Recent discussions on the 
mathematics of Spin{9) may be found in |4n| 141 j.) 

The supermembranes discussed in the previous section preserve a fraction = 
A^/16 of the spacetime supersymmetry where 1 < < 8 is the number of Killing 
spinors on X"^ . (In the near-horizon limit this doubles.) Following [201, '^^^ 
attempt to quantify this in terms of a holonomy even more generalized than that 
discussed in section (0}, namely 

Tigen C 50(16) (25) 

where is then given by the number of singlets appearing in the decomposition 
of the 16 of 50(16) under TCgen- In the case of the brane with a round 5'^, we 
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have Tigen = 5*0(8), the 16 decomposes into an 8 plus 8 singlets and v = 1/2. 
Whereas in the case of the brane with a squashed S'', we would have only one 
singlet and v = 1/16. The origin of this 50(16) was speculated in |42j and proved 
in [ini- After making a D = 11 Lorentz-non-covariant three/eight split of the 
D = 11 supergravity field equations, the tangent space group 50(1,2) x 50(8) 
gets enlarged to an 50(1, 2) x 50(16) under which the supersymmetry parameter 
transforms as a (2, 16). Note that the 16 is the vector representation, even though 
e is a spacetime spinor This can be understood by noting, as we have already 
done, that the supercovariant derivative ((21) involves not merely the Levi-Civita 
connection but extra terms involving the 4- form field strength Fmnpq, a fact that 
tends to be underemphasized in recent works on holonomy and D = 11 supergravity 
(a notable exception being 011). 

Although we do not know of any examples, it is thus possible that some D = 11 
field configuration could have 

Spin{9) = Hgen C 50(16) (26) 

However, the embedding is such that 16 — > 16 and so such a configuration can 
preserve no super symmetries, which may seem something of an anticlimax. 

All this raises an interesting question: What is the number of possible super- 
symmetries allowed in M-theory? A priori, from the M-theory algebra ^5^, 32z^ can 
be any integer from to 32 jl^. Although there are supersymmetric backgrounds 
realizing the maximum 32, it was thought for a time that partially supersymmetric 
backgrounds were restricted to < < 1/2, such as the above mentioned mem- 
branes. However, recent work on pp waves U?! HHl IS1 EOl 1^ and Godel universes 
j52j has revealed certain values of 32z/ lying between 16 and 32 . Riemannian 
holonomy cannot account for these exotic fractions, so let us therefore take the 
generalized holonomy approach, discussed above. Of course, one is not obliged to 
make a three/eight split of M-theory, one could make any d/{ll — d) split. For 
example, after a four/seven split, the tangent space group 50(1,3) x SO{7) is en- 
larged to an 50(1,3) x SU{8) 021IS31- Similar remarks apply to Type IIB. It is 
curious to note that if the 32 supercharges always belong to representations such as 
(2, 16), (4, 8) etc, then n = 32i>, the number of singlets appearing in the decompo- 
sition, is restricted to 0, 1, 2, 3, 4, 5, 6, 8, 10, 12, 14, 16, 18, 20, 22, 24, 26, 28, 32. This 
is consistent with the data ^. However, a better understanding of the two/nine and 
one/ten splits is necessary before ruling out other values. 

'^This phenomenon had been noted long ago by Cremmer and Julia \W\ when dimensionally reducing 
D = 11 supergravity (or Type IIB supergravity) to D = 3, but here we are claiming 5*0(16) already in 
D = n (or D = 10). 

''Note added: Interestingly enough, after the completion of this work, a Godel universe with n — 14 
was discovered |124j which completes this list. Moreover n — 31 has now been ruled out for both Type 
IIB |125| and Type IIA jl2(i| . a result which is also consistent with the list. 
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7 Hopf dualities 



In recent times, both perturbative and non-perturbative effects of ten-dimensional 
superstring theory have been subsumed by an eleven-dimensional M theory whose 
low-energy limit is D = 11 supergravity [§1^. In particular, we have the duality 

M on X = II A on Y (27) 

In the first examples X was just a direct product Y x and in this way one could 
give an D = 11 M-theory origin to D = 10 Type IIA objects by either wrapping 
around the or by reducing. For example, the IIA string comes from the M2- 
brane by wrapping j55 | I6 H 1^: the DG-hieme in Z) = 10 may be interpreted as a 
Kaluza-Klein monopole in D = 11 |60l I61j and the D2 brane in = 10 may be 
interpreted as an M2-brane in D = 11 by dualizing a vector into a scalar on the 
3-dimensional worldvolume |581 159j . 

However, the duality (|27j) may be generalized to the so-called Hopf duality where 
X is a twisted product or U{1) bundle over Y [HSl EH ESI EHl • In I^Bj, for ex- 
ample, such M-theory vacua with A'^ > supersymmetry were presented which, 
from the perspective of perturbative Type IIA string theory, have = 0. They 
can emerge whenever the X'^ is a U{1) bundle over a 6-manifold Y^. The missing 
superpartners are Dirichlet 0-branes. Someone unable to detect Ramond-Ramond 
charge would thus conclude that these worlds have no unbroken supersymmetry. 
In particular, the gravitinos (and also some of the gauge bosons) are 0-branes not 
seen in perturbation theory but which curiously remain massless however weak 
the string coupling. The simplest example of this phenomenon is provided by the 
maximally-symmetric S"^ . Considered as a compactification of = 11 supergravity, 
the round 5"^ yields a four dimensional AdS spacetime with N = 8 supersymmetry 
and 5(9(8) gauge symmetry, for either orientation of S'^ . The Kaluza-Klein mass 
spectrum therefore falls into 50(8) N = 8 supermultiplets. In particular, the mass- 
less sector is described ^S] by gauged N = 8 supergravity Since is a C/(l) 
bundle over CP^ the same field configuration is also a solution of D = 10 Type IIA 
supergravity jll4j . However, the resulting vacuum has only S'[/(4) x U{1) symme- 
try and either = 6 or A'^ = supersymmetry depending on the orientation of the 
S*^. The reason for the discrepancy is that the modes charged under the U{1) are 
associated with the Kaluza-Klein reduction from D = 11 to -D = 10 and are hence 
absent from the Type IIA spectrum originating from the massless Type IIA su- 
pergravity. In other words, they are Dirichlet 0-branes [SHI and hence absent from 
the perturbative string spectrum. There is thus more non-perturbative gauge sym- 
metry and supersymmetry than perturbative. (Here the words "perturbative" and 
"non-perturbative" are shorthand for "with and without the inclusion of Dirichlet 
0-branes", but note that the Type IIA compactification has non-perturbative fea- 
tures even without the 0-branes |63j ) . The right-handed orientation is especially 
interesting because the perturbative theory has no supersymmetry at all! A sum- 
mary of perturbative versus non-perturbative symmetries is given in Table 2. In 
particular, the non-perturbative vacuum may have unbroken supersymmetry even 
when the perturbative vacuum has none. 
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Compactification 


Perturbative Type II A 


Nonperturbative M-theory 


Left round 5'' 


N 


= 6 


SU{A) X ^7(1) 


N = 


8 


50(8) 


Right round 5^ 


N 


= 


5C/(4) X ^7(1) 


N = 


8 


50(8) 


Left squashed 5^ 


N 


= 1 


50(5) X ^7(1) 


N = 


1 


50(5) X SU{2) 


Right squashed S"^ 


N 


= 


50(5) X U{1) 


N = 





50(5) X 5C/(2) 


Left M(3, 2) 


N 


= 


SU{3) X SU{2) X ^7(1) 


N = 


2 


SU{3) X SU{2) X [7(1) 


Right M(3, 2) 


N 


= 


5f/(3) X 5f/(2) X ^7(1) 


N = 





5C/(3) X 5f/(2) X [7(1) 



Table 2: Perturbative versus non-perturbative symmetries. 

We have focussed in this paper on compactifications from D = 11 but much of the 
discussion appUes, mutatis mutandis to Type IIB. For example we have the Hopf 
T-duality 

IIB on = II A on CP^ x 5^ (28) 

which untwists the 5^ 

8 Recent developments 

Following the M-theory revolution of 1995, it was noted [71 ESI El EOl ESI ED IH3] 
that non-chiral = 1 heterotic string compactifications can be dual to Z? = 11 
supergravity compactified on Ricci-flat seven-dimensional spaces of G2 holonomy 
IHSllHnilH3IHlEZl- See also [THlEi for iV = 1 compactifications on 8-manifolds of 
spin (7) holonomy. 

In 2002, G2 manifolds continue play an important role in D = 11 M-theory for 
the same = 1 reason as in 1982 . Of course, for phenomenology we require not 
only A'^ = 1 but also chirality, and the lack of chirality on smooth seven-manifolds 
|80j was one of the main reasons that D = 11 supergravity fell out of favor. But 
the full M-theory, as opposed to its low energy limit, admits the possibility of 
singular G2 compactifications which can yield chiral {N = 1, D = 4) models living 
in Minkowski space, with reahstic gauge groups 88 .1MI!M limrM I!iniiniir?^innilir7l 

EH EHi Enni iMi nni nnsi nni nni nnni ml iiosi omi inni Em and doubiet-tripiet 

splitting HE]. 

9 K3 

In 1983 a second example of the utility of holonomy was provided by the com- 
pactification of D = 11 supergravity on the K3 (2j. This manifold had recently 
made its appearance in the physics literature as a gravitational instanton [S|. It 
is a self-dual, and hence Ricci flat, solution with m = and 7i = SU{2) instead 
of the 5^7(2) x 5f7(2) of a generic 4-manifold. Hence = Nmax/2. K3 provided 
a novel phenomenon in Kaluza-Klein theory: the appearance of massless particles 
as a consequence of the topology, as opposed to the geometry of the compactifying 
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manifold, determined by Betti numbers and index theorems T. A discussion of 
boson and fermion zero modes on and their relation to axial and conformal 
anomalies [70] , may be found in [SI ^ . 

was thus the forerunner of the very influential Calabi- Yau compactifications^ 
of ten-dimensional supergravity and string theory ^ and, indeed, the Ricci-flat G2 
compactifications of M-theory mentioned above, some of which correspond to K3 
fibrations 108 . 

K3 compactification allows for the possibility of chirality in the lower dimen- 
sional spacetime and chiral compactification of the Type IIB supergravity was 
undertaken in |116j and the heterotic string theory in [117| . 

In 1986, it was pointed out |115j that D = 11 supergravity on xK3xT"~^ 
[7] and the D = 10 heterotic string on x T" 82 not only have the same 

supersymmetry but also the same moduli spaces of vacua, namely 

M = + (29) 

50(16 + n) X SO{n) ^ ' 

It took almost a decade for this "coincidence" to be explained but we now know 
that M-theory on ii^"-" xK3x r"~3 dual to the heterotic string on R^^-" x T" 

isaiszi. 

One way to understand this is to note that, when wrapped around K3 with 
its 19 self-dual and 3 anti-self-dual 2-forms, the d = 6 worldvolume fields of the 
M5-brane (or Z)5-brane) {B^ /^u, A^, (j)^^'^) reduce to the d = 2 worldsheet fields of 
the heterotic string in L> = 7 (or L> = 6) [1201 IMl • The 2-form yields (19,3) 
left and right moving bosons, the spinors yield (0, 8) fermions and the scalars yield 
(5, 5) which add up to the correct worldsheet degrees of freedom of the heterotic 
string. A consistency check is provided by the derivation of the Yang-Mills and 
Lorentz Chern-Simons corrections to the Bianchi identity of the heterotic string 
starting from the M5-brane Bianchi identity |113j . 

Heterotic strings on K3 can also be self-dual |1181 1119] . Moreover, Heterotic 
strings on Calabi- Yau manifolds that are a fibration over a base Q can be dual 
to M-theory on that is K3 fibered over Q and has G2 holonomy |in8j . which 
brings us back to where we started. 



10 Conclusions 

I first wrote about supergravity in a popular article for New Scientist in 1977 jl23j . 
where I said " Supergravity is theoretically very compelling, but it has yet to prove 
its worth by experiment"; a remark still unfortunately true at Supergravity® 25. Let 

^Indeed, the possibility of going from 10 dimensions to 4 on a Ricci-flat 6-manifold with SU{?>) 
holonomy so as to get iV = 1 in D = 4 occurred to Pope, Nilsson and myself while writing up the K'i 
paper in 1983. Since we were at UT, Austin, at the time, we consulted one or two of the distinguished 
mathematicians in the Mathematics Department there, but were told they had never heard of such a 
thing! Consequently our paper states " We do not know any solutions with TL = SU (3)" . 
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us hope that by the Supergravity@50 conference, or before, we can say something 
different. 

It is a privilege to have been a member of the Supergravity community these 
25 years and I would like to say "Thanks for the memories" to its discoverers. 
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